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well be unfair to analyze the merits of his position within the model
given by (18). However, this model does seem to have some rele-
vance to the problem. First, note that Friedman’s position does not
depend per se on existence of lags in the effects of monetary changes,
but rather on the inability to predict the level of income at the
time when monetary actions take effect regardless of whether or not
this effect occurs with a lag. The longer and more variable the lag,
of course, the less accurate are income predictions likely to be. The
dynamic model of (18) includes both predictable income changes
through the influence of the lagged income terms and unpredictable
income changes through the influence of the random terms, and so
does represent, at least in part, the nature of the problem that led
Friedman to his position.

The second aspect of this model to be noted is that the timing
relationship between turning points in money and income is variable
due to the random terms u and v even though the partial effect of
money on income does not have a variable lag. Thus, the model is
consistent with Friedman’s findings on the variability of the lag
between turning points in money and income.? Friedman’s argument
for a constant rate of growth in the money stock depends on varia-
bility in the partial effects of money on income. In passing, it
might be mentioned that the only way to obtain evidence on the
variability of the partial effects of money on income would be to
show either that in a model of the economy the estimated regression
coefficients were statistically significantly different from one period
to another, or that the variability in the lag in turning points
could not oceur in a model with constant partial effects of money on
income unless a most improbable probability distribution of the
disturbance terms existed.

In analyzing passive policies, consider first the interest rate
policy of setting r=r, permanently. It is optimal to set the interest
rate according to
(19) ro=a1_1[Yf(1_Sl—S2) ‘_aO]:
and, substituting this expression into (18a), we have

Yi—Y;=8.(Yi—1—Y;) +8:(Yi—2—Y) +uy, or
(20) Zt—Slzt_l—Szzt_z =Ut, where Zt= Yt— Y/.
From (20) it can be seen that the level of income follows a second-
order Markov process around a base level of Y.

9. Milton Friedman and Anna J. Schwartz, “Money and Business Cycles,”
Review of Economics and Statistics, Vol. 45, no. 1, pt. 2 (Feb. 1963), 32-64.

1. The model of equation (20) is a stochastic version of Samuelson’s
multiplier-accelerator model (Paul A. Samuelson, “Interactions Between the
Multiplier Analysis and the Principle of Acceleration,” The Review of Eco-
nomic Statistics, XXI (May 1939), 75-78).
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To solve (20) we need a particular solution, Z,=Z";, to (20)
and a general solution, z;=2";, to its homogenous counterpart
(21) zt—Slzt_l—S2zt_2=O, Zt=Zt—Z’1.
A particular solution to (20) may be found by assuming that

t
(22) Z'y= 15 Qrls—r,

where the @ are yet to be determined. Substituting (22) into (20)
we have

¢ t—1 t—2
kg Qkut—k_slk§ Qku/t—l—k_S2k§ Qus—2_x—u;=0, or
(23) (Qo— 1) us+ (Q1—81Q0) Us—1
t
+k§2 (Qk—S1Qk—1—Ssz—2)ut—k=0-

For (23) to be satisfied for all possible values of u;_, the coefficient
of each u:—; must be zero. In order to find a general expression for
Qx, we must solve the difference equation

(24) Qr—81Qx—1—8:Qx—2=0, k=2,3,...,

Equation (24) has the same form as (21) and so its solution provides
both the particular solution and the solution to the homogenous
counterpart except that the arbitrary constants differ. The general
solution to (20) has the form

Zi=7"++7"
¢
= kz Qrus—x+2't,
=0
and involves one of the three cases below.
Case 1: 812> —48,

Solution: Q= A1 1%+ A2ro*
2'=B1\*+ Ba)o*

where A = 14 (8;4-1/8:2+483;)

Ae=15(8;—\/8:2+48,)
Case 2: S;2=—482
Solution: Q= (A;+kAs) (16S;:)*
2'x= (B1+kB;) (V55,)*
gz _as(; _ (5 )2)
Case 3: S;2< —48, (1.e. Sa < ( 3
Solution: Q= (—82) %%(A; cos k 6+Assink 6)
2'y=(—82)%* (By cos k §+B, sin k 6)

V —48:—8;2

where tan §=
Sy
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The constants A; and A,, which differ from one case to another, are
determined by solving the two equations,
Qo'— 1=0

Q1—81Q,=0.
Similarly the constants B; and B, are obtained by solving the two
equations

Zo=81Z_1+8:Z _»

7= (82+82)Z _1+818:Z _,
where Z_,; and Z_, are the initial conditions on income.

The stability conditions on the solution are for Case 1 that
|81] <1—38;, for Case 2 that |S;| <1, and for Case 3 that |S,| <1.
If the solution is stable the initial income conditions will have a
smaller and smaller effect on income as time goes on, and the un-
conditional mean and variance of Z; will approach

(25)  E[Z.]=E [kg"oQkut-ﬂ =0

(26)  Var[Z.]=E[Z%.] =E[( éo Que_r)?] =2, kgo Q.

If the stability conditions are not met, the effect of the initial condi-
tions on income will not disappear and the unconditional variance
will grow without limit. Since Z;=Y:— Y, the variance of Z; gives
the expected loss with the loss function used before. Even if the loss
is defined — i.e., less than infinity — under the passive interest rate
policy, the loss will be greater — perhaps far greater — than under
the optimal active policy.?
Now consider a policy of permanently fixing the money stock
at M;=M,. With the optimal value of M, we have
(27) Ziy=RyZi 1+ RoZy o-+tw;
where R1=Slb2 (albl-l—bg) -1
R2=85b2(a1b1+b) —1
wi="ba(a1b1+Dbz2) =1 (baus—ayvy).
Let the particular solution be

t
(28) Zi= 3 Pyw,
k=o

where the Py, are determined by the solution of a difference equation
analogous to (24). The general solution also has the same form as
before and the stability conditions on B; and R, are the same as on

2. Under an active interest rate policy the expected loss is ¢.? from (10).
But from (23) it is clear that @, = 1 so that the difference of the losses is

-2} ©
06’2 Q¥ — ol =02 QF>0.
=0 =1
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S; and S, above. However, since 0<bz(a;b;4bs)-1<1 under
normal assumptions as to the signs of ay, by, and b, it is clear that
|R1| <|8:] and | Ry | < |8:|. This means that although the
variance of income might not exist under either policy it is possible
that the variance exists when the money stock is set, but not when
the interest rate is set. But note that if the variance exists under the
interest rate policy, it may be lower than the variance under the
money stock policy, since in the latter case we have

29)  E[Z.2]= aw2k§ P,

When one compares (26) and (29), it is clear that SP3? is smaller
than 3,02, but o2 may be larger than ¢,2.

In comparing the active and passive policies, it is clear that the
expected loss under the passive policy is greater than under the
active policy. While the optimal active and passive policies were
in both cases derived under the assumption of known parameters,
even if the parameters are not known exactly the analysis suggests
that a nonoptimal active policy may still be superior to an optimal
passive policy. With incomplete knowledge, a sensible procedure
might be to start from a base policy of a fixed money stock (which
is most likely superior to a fixed interest rate), and then to move
away from this base somewhat cautiously in implementing an active
policy.

VI. ConcLupIiNG OBSERVATIONS

The choice of instruments problem is clearly a consequence of
uncertainty, and analysis of the problem requires a stochastic model.
The basic model of this paper is the simplest possible model within
which the nature of the problem can be carefully defined and a
solution determined. It is obvious that while the model provides some
insight into the solution of the problem as faced by practical policy-
makers, its main value is in clarifying the nature of the problem and
suggesting an approach which might be applied to more complete
and realistic models.

‘While the instrument problem has been analyzed as a monetary
policy problem, it is worth pointing out that a similar problem
arises in fiscal policy. Here the problem is whether the government
should set income tax rates allowing tax revenues to be an endoge-
nous variable or set tax receipts (through head taxes or property
taxes) allowing the implicit income tax rate to be endogenous. While
the income tax is usually viewed as a built-in stablizer, it might be
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possible to construct a plausible stochastic model in which the
property tax stabilized income better than an income tax with the
same expected revenue.

Except for a few passing comments no attention has been paid
to the very important problem of the effect of uncertainty as to the
values of the parameters of the model. In principle what should be
done is to treat each parameter as a random variable,® but in even
the simple model of this paper this approach is analytically intract-
able due to the large number of variances and co-variances involved,
and the existence of products and ratios of random variables in the
reduced form equations. A more promising approach might be to
employ a sensitivity analysis to see how the results based on known
parameters would differ if the parameters differed by plausible
amounts from the estimates used in the analysis.

APPENDIX

It is necessary to prove that L,=<L, and L,=<Ly. Without loss
of generality we may assume that ¢, =0, since in equation (6a), the
IS-function, it is possible to measure Y and u at rates (annual, quar-
terly, and so on) selected so that o, =0,; such a change in units will
also require adjustments in some of the parameters. In the proof, no
separate notation will be introduced for the adjusted parameters, it
being understood that the appropriate adjustments have been made.

Under the assumption that o, =0y, it can be seen from (10) and
(17) that
(30) .'Ef— (l—sz2) _ (I"Puv)2
Lr 1+2Puvb1+ b12 (1 _P1w2) + (Puv+ b1)2

=1for —1=pw=1.
If b,=1, the denominator in (30) vanishes at pyy=—1.
However, if b;=1 we may write '
__L_c — (1 - Puv2) _ (1 - Puv)
Lr 2 (1 + Pm)) 2

Under the assumption that oy = o, it can be seen from (11) and
(17) that
(31) l_l_ _ (@1by + b2)2 (1 — p%u)

Ly (@12 — 2 pyy @b + b3?) (1 + 2 puyby + by2)
_ (axb1 + b2)? (1 = pur)
(@1b1 4 b2)? (1 — puo?) + [(@1 — bib2) + pu» (a1b1 — b2) ]2
§1f0r~1-§Puv§
If by =1, the denominator in (31) vanishes at p,,= —1, and if
a1 = by, the denominator vanishes at p,, = 1.

3. See William Brainard, “Uncertainty and the Effectiveness of Policy,”
American Economic Review, Vol. 57 (May 1967), 411-25.

=1 for py = — 1.
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If by=1, we may write
L, (a1 4 b2)? (1 — pus”)

Lu (@14 022 (1 — pusd) + [ (a1 — ba) (1 + pur) |2
_ (a1 + 62)* (1 — pu)
(a1 4 02)2 (1 — puw) + (a1 — b2)2 (1 4+ puo)
=1at Puv = — 1.
If a; = bz, we may write
c a12 (bl + 1)2 (1 - Puvz)

™~

Ly @12 (by 4+ 1)2 (1 — puo?®) + [(a1 — a1b1) +puv(arbs — a1) ]2
B (b1 + 1)2 (1 + puv)

T (b4 1)2 (14 puo) + (1= b1)2 (1 — puo)
=1 atpm, =1
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